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Abstract

Many popular practical reinforcement learning
(RL) algorithms employ evolving reward func-
tions, through techniques such as reward shaping,
entropy regularization, or curriculum learning, yet
their theoretical foundations remain underdevel-
oped. This paper provides the first finite-time
convergence analysis of a single-timescale actor-
critic algorithm in the presence of an evolving
reward function under Markovian sampling. We
consider a setting where the reward parameters
may change at each time step, affecting both pol-
icy optimization and value estimation. Under
standard assumptions, we derive non-asymptotic
bounds for both actor and critic errors. Our re-
sult shows that an O(1/v/T) convergence rate
is achievable, matching the best-known rate for
static rewards, provided the reward parameters
evolve slowly enough. This rate is preserved when
the reward is updated via a gradient-based rule
with bounded gradient and on the same timescale
as the actor and critic, offering a theoretical foun-
dation for many popular RL techniques. As a sec-
ondary contribution, we introduce a novel analysis
of distribution mismatch under Markovian sam-
pling, improving the best-known rate by a factor
of 1og2 T in the static-reward case.

1. Introduction

Reinforcement Learning (RL, Sutton et al. 1998) has at-
tracted great research interest in the past decades. On the
empirical side, a variety of practical algorithms have been
proposed and have demonstrated remarkable success in a
wide range of real-world scenarios (Mnih et al., 2013; Lilli-
crap et al., 2016; Ouyang et al., 2022; DeepSeek-Al et al.,
2025). On the theoretical side, great efforts have been made
to bridge the gap between empirical practice and theoretical
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foundations, providing rigorous convergence guarantees and
solid theoretical understandings to the empirically powerful
algorithms (Agarwal et al., 2021; Mei et al., 2020; Kumar
et al., 2023; Wu et al., 2020; Olshevsky & Gharesifard,
2023).

Still, a very common setting adopted by many practical
RL algorithms has been largely overlooked by theoretical
analyses. RL theory is built upon Markov Decision Pro-
cesses (MDPs), which typically assume the existence of a
static underlying reward function, and the goal is to learn
a policy that maximizes the expected cumulative reward.
However, when applying RL in many real-world scenar-
ios, a significant impediment is the difficulty of designing
a reward function that is both learnable and aligns with the
desired task. This challenge has led to the development of
techniques that utilize evolving rewards. These include:

* Reward Shaping: Adding auxiliary rewards to guide
the policy to the desired goal (Ng et al., 1999; Pathak
etal., 2017; Burda et al., 2019; Zheng et al., 2018; Hu
et al., 2020; Mahankali et al., 2024; Ma et al., 2024).
The auxiliary rewards can come from prior knowledge,
or be learned in a self-supervised manner during the
training process.

* (Adaptive) Entropy or KL Regularization: Introduc-
ing an entropy or KL regularization term to the opti-
mization objective, which is equivalent to modifying
the reward according to the current policy (Haarnoja
et al., 2017; 2018a;b; Jaques et al., 2019; Stiennon
et al., 2020). The regularization factor can be automat-
ically adjusted during training.

e Curriculum Learning: Starting with easier tasks (and
their associated rewards) and gradually increasing the
difficulty (Narvekar et al., 2020).

Intuitively, a slight change of the reward function does not
drastically alter the solution of the underlying MDP, allow-
ing an RL algorithm to remain effective. However, when
this change is negligible compared to the under-training pol-
icy or value function, the algorithm’s effectiveness becomes
questionable, as they are closely interconnected. Therefore,
to rigorously support the use of these evolving reward tech-
niques, we must answer the following fundamental question
precisely:
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How fast can the reward change while still ensuring the
convergence of an RL algorithm?

This paper aims to establish a theoretical foundation for this
setting by providing the first finite-time convergence analy-
sis for an actor-critic algorithm with an evolving reward. We
focus on a single-sample, single-timescale actor-critic algo-
rithm with linear function approximation for the critic under
Markovian sampling. This setting is particularly practical
yet challenging, as the non-stationarity from the evolving
reward affects both the policy gradient (actor) and the value
estimation (critic), creating a complex feedback loop.

Specifically, we bound both the expected actor error and the
expected critic error in terms of the number of iterations T'
and the total change of the reward parameters. From this, we
derive conditions on the evolving rate of reward parameters
necessary to achieve asymptotic convergence and to main-
tain the O(1/+/T) convergence rate as in the static-reward
case. Moreover, it turns out that O(1/+/T) convergence
can be achieved if the reward parameter follows a gradient-
based update with bounded gradient and the same timescale
as the actor and the critic, providing theoretical guarantees
to a wide range of practical techniques, including curiosity-
driven reward shaping (Pathak et al., 2017), random network
distillation methods (Burda et al., 2019), and soft actor-critic
with automated entropy adjustment (Haarnoja et al., 2018b).

Our analysis is developed upon the existing finite-time con-
vergence studies of single-timescale actor-critic methods in
the static-reward scenario (Chen et al., 2021; Olshevsky &
Gharesifard, 2023; Tian et al., 2023; Chen & Zhao, 2023;
2025). To handle the evolving reward, we exploit the Lip-
schitz continuity of the objective function and the optimal
critic parameter with respect to the reward parameter, which
relies on the Lipschitz assumption regarding the rewards
themselves. In addition, we introduce a novel analysis on
the distribution mismatch caused by Markovian sampling,
improving the convergence rate by a factor of log2 T in the
static-reward case.

In summary, our contributions include the following:

* Important Problem Formulation: We formalize the
problem of Actor-Critic with Evolving Reward, where
the reward parameter ¢; (encompassing the true re-
ward and regularization terms) can be updated by an
arbitrary oracle at every time step.

* Novel Non-Asymptotic Results: Under standard as-
sumptions (Linear function approximated critic, Lips-
chitz continuity of policy and reward, sufficient explo-
ration), we derive the convergence rate of the single-
sample single-timescale actor-critic algorithm with
Markovian sampling, and show that it achieves a con-
vergence rate of O(1/v/T) to a neighborhood of a

stationary point under mild condition on the evolving
reward, validating a wide range of practical RL tech-
niques.

 Interesting Technical Tools: We establish the nec-
essary assumptions and key properties to analyze the
effects of the evolving reward on standard actor-critic
algorithms. We also provide a novel analysis of the
distribution mismatch caused by Markovian sampling,
which independently improves the convergence rate
for the static-reward case.

2. Related Work

Our work is developed upon the finite-time analysis of pol-
icy gradient methods and actor-critic methods.

Finite-time analysis of Policy Gradient Methods. The
finite-time convergence guarantees of policy gradient meth-
ods have been studied by (Agarwal et al., 2021; Mei et al.,
2020; Xiao, 2022), assuming access to exact gradient ora-
cles. For the stochastic case where the algorithm can only
access gradient estimators from sampled trajectories or tran-
sitions, convergence results in terms of sample complexity
have been established by (Liu et al., 2020; Ding et al., 2022;
2025; Fatkhullin et al., 2023; Mondal & Aggarwal, 2024).

Finite-time analysis of Actor-Critic Methods. The finite-
time analysis of actor-critic methods encompasses several
variants of the algorithm, including the double-loop set-
ting (Yang et al., 2019; Kumar et al., 2023; Xu et al.,
2020a; Cayci et al., 2024; Gaur et al., 2024; Ganesh et al.,
2025), the two-timescale setting (Wu et al., 2020; Xu et al.,
2020b; Shen et al., 2023; Hong et al., 2023), and the single-
timescale setting (Chen et al., 2021; Olshevsky & Ghare-
sifard, 2023; Tian et al., 2023; Chen & Zhao, 2023; 2025;
Kumar et al., 2026). The analysis of single-timescale actor-
critic methods is particularly relevant to our work. Both
(Chen et al., 2021) and (Olshevsky & Gharesifard, 2023) ob-
tain an O(1/+/T) local convergence rate in discrete spaces,
assuming i.i.d. sampling. (Chen & Zhao, 2023) and (Tian
et al., 2023) made efforts to tackle the more practical yet
challenging Markovian sampling setting. However, the
former considers the average-reward scenario instead of
the commonly used discounted-reward scenario, while the
latter employs Markovian samples for the critic and i.i.d.
samples for the actor. (Chen & Zhao, 2025) ultimately re-
solves the problem of Markovian sampling, obtaining an
O(log? T/\/T) convergence rate, and further extends the
analysis to continuous action spaces. When translating these
results to global convergence, the above-mentioned local
convergence rate of O(1/+/T) leads to a sample complex-
ity of 6(6_4) in order to obtain an e-optimal policy under
mild assumptions (Mei et al., 2020). A recent study by



Finite-time Convergence Analysis of Actor-Critic with Evolving Reward

Kumar et al. (2026) improves this bound to O(¢~3) under
i.i.d. sampling. However, this result is limited to finite state-
action spaces and tabular critics, whereas Tian et al. (2023)
incorporates an analysis of neural network approximated
critics, and the other four studies assume a linear function
approximated critic.

While we focus on analyzing the convergence of the single-
timescale actor-critic algorithm under evolving rewards, we
recognize two related research areas that focus on design-
ing reinforcement learning (RL) algorithms for non-static
Markov Decision Processes (MDPs), where both rewards
and transitions can change:

Adversarial RL and Non-stationary RL. Tailored for on-
line learning, adversarial RL (Even-Dar et al., 2009; Zimin
& Neu, 2013; Jin et al., 2020) and non-stationary RL (Che-
ung et al., 2023; Feng et al., 2023; Mao et al., 2025) aim
to minimize cumulative static or dynamic regret through
strategic algorithm design in the presence of adversarial re-
wards and transitions. However, their formulation does not
align with the practical scenarios we consider, where the RL
policy is trained before executing, and the evolving reward
techniques we previously mentioned focus on enhancing
convergence during training and improving performance in
execution, rather than adapting in an adversarial manner.

Performative RL. Performative RL (Mandal et al., 2023;
Rank et al., 2024; Mandal & Radanovic, 2025) examines sit-
uations in which the underlying MDP changes in response to
the deployed policy. This setting partially overlaps with ours,
as performative rewards represent a specific case within our
general evolving reward framework. Under certain mild
assumptions regarding the performative rewards and tran-
sitions, these studies demonstrate the existence of a stable
policy and provide finite-time convergence guarantees for
their proposed algorithms, which involve iterating between
deployment and retraining. However, their approach ne-
cessitates finding exact solutions for a saddle point at each
retraining step, which is often infeasible in practice.

3. Preliminaries
3.1. Markov Decision Process

We consider an infinite-horizon discounted Markov De-
cision Process (MDP), defined by the tuple M =
(S, A, P,r,7v). Here, S is the state space, A is the ac-
tion space, P : § x A — A(S) is the transition kernel,
r: S x A — R is the reward function, and v € (0, 1) is the
discount factor.

A policy 7 : § — A(A) maps states to distributions over
actions. Starting from an initial state sq, at each time step
t =0,1,---, an action a; ~ 7(+|s;) is sampled, yielding

areward r, = 7(s¢, a;) and transitioning to the next state
st41 ~ P(:|st,ar). The standard value function V7 (s)
and action-value function Q7 (s, a) represent the expected
discounted cumulative reward starting from state s (and
action a), respectively, and are defined as

V™ (s) =Exp [Z yir(se,ar) | so = s] , (M

t=0

Q"(s,a) =Eqxp [Z Y1 (se,ar) | s0 = 5, a0 = a] e

t=0

Entropy Regularized MDPs. Policy optimization of-
ten benefits from entropy regularization to encourage
exploration (Haarnoja et al., 2017; 2018a;b). The en-
tropy of a policy 7 at a state s is defined as H(:|s) =
— [y m(als)log m(als)da. Let

H™(s) =Exp lZVtH(W('|St)) | 50 = 5] N E))
t=0

the regularized (soft) value function is defined as
V7(s) = V™(s) + aH"(s),

where a > 0 is a hyper-parameter, and o = 0 recovers the
standard, unregularized case. This formulation is equiva-
lent to solving the original MDP with a regularized reward
function:

7(s,a) = r(s,a) — alogm(als). 4)

Consequently, V(s) and Q(s, a) can be interpreted as the
value functions under this regularized reward 7:

V7 (s) =E.p lz V(s ar) | s0 = s] ,

t=0

@ﬂ—(sa a) :E‘n—”]? lz th(st, at) | So = S,ap = a‘| .

t=0

Note on KL Regularization. While we focus on en-
tropy regularization for clarity, our analysis also applies
to KL regularization against a fixed reference policy .
The corresponding regularized reward becomes 7(s, a) =
r(s,a) + alog mer(als) — alogm(als). Since the term
alog mer(als) can be absorbed into the base reward r (s, a),
we will consider only the entropy regularizer in the follow-
ing analysis without loss of generality.

The goal of reinforcement learning is to find a parameterized
policy mg the maximizes the objective:

7(0) = /S p(3)77™ (5)ds, )

where 0 denotes the policy parameter and p € A(S) is the
initial distribution.
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3.2. Actor-Critic Method

In order to optimize the policy parameter 8, a popular ap-
proach is to compute the gradient of the objective J(0)
and iteratively adjust 6 in the direction of V.J(0). This
approach, named the policy gradient method, is based on
the policy gradient theorem (Sutton et al., 1999):

VoJ(0) :ﬁE@”e(s, 0)Ve log o (a]s)]

:ﬁE[(éﬂe (3, CL) — {7“9 (8))V0 log To (CL|S)L
(6)

where s is sampled from the discounted visitation distribu-
tion v € A(S) defined as

v2(s)=(1-7) nytPr (st =s),
t=0

with sg ~ p(+),ar ~ 7o (-|st), St41 ~ P(-|s¢, ar).

Computing this gradient requires an estimator for the 1%
function or @) function associated with the policy mg. A
Monte-Carlo estimator (used by REINFORCE, Williams
1992) suffers from high variance, resulting in slow conver-
gence. Hence, the actor-critic method (Konda & Tsitsiklis,
1999) introduces another trainable model to approximate
the true value functions.

Following the setting of prior work (Chen et al., 2021; Ol-
shevsky & Gharesifard, 2023; Chen & Zhao, 2023; 2025),
we assume that the critic approximates the regularized value
function linearly as

Vo(s) = 0(s) " w,
where ¢ : S — R? is a known feature mapping satisfying
l6(s)||, < 1 for any state s, and w € R? is the trainable
parameter. Note that Q7 (s,a) = 7(s,a) + YE«[V™(s')],
then with s’ ~ P(:|s, a), the temporal difference (TD) error

d(s,a,s") =r(s,a) — alogmg(als)
+ (o) —os) @ D

serves as a biased but low-variance gradient estimator for
(6), and the update rule for 8 will be

Our1 0+ 1f0(s1,ar,5,)Vologmo(acls:),  (8)
where 7? denotes the step size for  at step ¢.

Also, we need to align ‘A/w with the true value function Ve,
As proven by (Haarnoja et al., 2017), V™ is the unique
solution to the soft Bellman equation V' = 7V where the
soft Bellman operator 7 is defined as

TaV(s) =E ann(ls) [r(s,a) —alogm(als) +yV(s')].
s'~P(-|a,s)

Hence, a common practice is to adjust the value iteration
update V' < 7TV to a stochastic semi-gradient TD(0)
update:

Wil & wp + ﬂfg(sta at, sy)d(se), 9

where 7y’ denotes the step size for w at step ¢.

Markovian Sampling. In our single-sample, single-
timescale setting, both actor and critic are updated using
the same sample tuple (s¢, at, s;) at each step. Ideally, s;
shall be sampled from the stationary distribution v7¢, but
this is impractical. Instead, we adopt a Markovian sampling
scheme (Chen & Zhao, 2025):

st~ P(|st—1,at-1), a1 ~ o, (:|st), sp ~ P(:|s¢, ar),

where P(-|s,a) = vP(-|s,a) + (1 — v)p(-) ensures ergod-
icity. Let ;(-) denote the probability distribution of s,
induced by this process. When the policy is fixed, 7; will
converge to ;¢ geometrically. Under a slowly changing
policy, the distribution mismatch ||, — v, °* || can be con-
trolled by the magnitude of the policy updates. Note that
this constitutes an off-policy learning setting for the critic.

3.3. Actor-Critic with Evolving Reward

Algorithm 1 Actor Critic with Evolving Reward

Initialize: 8y, wg, ¥o, P {nf}tzo, {n¥}>o0
Sample s ~ p
fort=0,1,---, T —1do
SAample a; ~ 7, (*|st),8; ~ P(|st,ar), Se41 ~
P(-|st, ar)
01 4= Tp,.0, (51, ar) + (70(s3) — 3(s1) " wi
01 < 0, +125:Vglogme(as|s)
wip1 < Projo  (ws + Ui"gtﬁb(st))
pi+1 <+ UpdateReward ()
end for

A central focus of this work is the setting where the regular-
ized reward 7(s, a) evolves during training. Depending on
the algorithmic design, this evolution can arise from modifi-
cations to the base reward r(s, a), the regularization factor
a, or the policy 7y itself. To encompass these variables,
we introduce a general reward parameter ¢ to include all
factors that determine 7 (s, a) along with 6, i.e.,

'Fcp,G(Sa a) = T‘(S, a; QO) - OZ(QD) IOg 7-‘-9(6L|S)' (10)

We denote the corresponding soft value function as XN/L;T o(s),
and the policy objective as J,,(6). The reward parameter ¢
is updated concurrently with 8 and w at each time step via
an arbitrary update rule, which can either be a pre-defined
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schedule or a feedback-driven strategy. For the critic up-
date, we also introduce a projection Proj._ to keep the
critic norm bounded by C,,, which is widely adopted in the
literature (Wu et al., 2020; Chen et al., 2021; Olshevsky &
Gharesifard, 2023; Chen & Zhao, 2023; 2025). This frame-
work, summarized in Algorithm 1, unifies a wide range of
existing techniques, from automated reward shaping (Martin
et al., 2017; Pathak et al., 2017; Burda et al., 2019) to adap-
tive entropy and KL regularization (Haarnoja et al., 2018b).
We provide a further literature review of these evolving
reward techniques in Appendix A.

4. Main Results

This section presents the finite-time convergence guarantees
for the Actor-Critic with Evolving Reward algorithm (Al-
gorithm 1). We begin by stating the standard assumptions
required for our analysis, then present the main theorem and
a key corollary. Finally, we provide an intuitive proof sketch
to elucidate the key technical challenges and innovations.

4.1. Assumptions

Our analysis relies on several standard assumptions in the
literature, which we adapt to accommodate the evolving
reward setting.

Take the expectation of w; 1 conditioning on w; in (9) with
respect to the discounted visitation distribution, we have

Elwii1|wi] = wi + 17 (bpo — Agwi),

where
Ag=E oy [8(5)(0(s) —0(s) "],  (AD)
arve(-|s)
s'~P(+]s,a)
bgaﬂ = Eswuse(-) [7’:%079(87 G)QS(S)} . (12)
ar~g(|s)

It has been shown by Sutton et al. (1998) that the TD limiting
point w*(¢p, 0) satisfies

Agw*(cp, 0) = b%g. (13)

To ensure the existence of w*, we need Ag to be non-
singular. Fortunately, we can show that Ay is positive defi-
nite given sufficient exploration over the state space.

Assumption 4.1 (Sufficient Exploration). Let g =
E,re [#(s)p(s) "], then for any 6 € Q(8), S is positive
definite with singular values lower-bounded by Ay, > 0.
Proposition 4.2. For any 6 € 2(0), Ag is positive definite
with singular values lower-bounded by X = (1 — \/7)As.

Proposition 4.2 is widely adopted as an assumption in ana-
lyzing TD-learning and actor-critic with linear function ap-
proximation (Wu et al., 2020; Chen et al., 2021; Olshevsky

& Gharesifard, 2023; Chen & Zhao, 2023; 2025). Although
the definition of Ag here differs from previous literature
where the expectation is taken over the stationary distribu-
tion instead of the discounted visitation distribution as in
our definition, this nice property can still be induced from
the fundamental Assumption 4.1 (Bhandari et al., 2018).
Equipped with Proposition 4.2, we can now solve from (13)
that w* (p, 8) = Ay 'by, g, and further imply that w* (¢, 8)
is bounded by some constant C, since both Ay ' and b, ¢
can be shown bounded, which justifies the projection opera-
tor introduced in Algorithm 1.

As w™ is bounded, ‘A/w* is bounded, the linear function
approximation error has a uniform upper bound, denoted as
€. Formally,

~ 2
€= SUP0,¢ \/Eswu:,rgﬂ) |:(¢(S)Tw*(907 0) — Ve (S)) :| .
(14)

The error e will be zero if V™ (-) is indeed a linear function
for any « and 6 given the feature mapping ¢(-). With a
proper ¢(-), € is controllable (Eshwar et al., 2026).

To capture the bias of the TD-gradient estimator for the
actor, we need the following bound that controls the error
of TD-errors (refer to Appendix D for a detailed proof):

Proposition 4.3. For any 8 € Q(8), p € Q(yp),

~ ~ 2
\/Eygemeﬂ; [(5(87(1,3/;(,0*) — (5(87@, s’)) ] < 2\/567

where 6(s,a,s') = r(s,a) — alogme(als) + V7™ (s') —
Ve (s).

Assumption 4.4. There exist constants L and .S such that
forany 0 € Q(0),s € S,a € A,

IVologme(als)llz < L, [|Vjlogme(als)2 < S.
Assumption 4.4 is standard in the literature of policy gra-
dient and actor-critic (Wu et al., 2020; Chen et al., 2021;
Olshevsky & Gharesifard, 2023; Chen & Zhao, 2023; Tian
et al., 2023), which further implies the following proposition
that the policy 7g is Lipschitz continuous with respect to 0
(refer to Appendix D for a detailed proof):

Proposition 4.5 (Lipschitz Continuity of Policy). For any
01,6, € Q0)ands e S,

176, (-]s) — ma, (-[s)ll; < L[[01 — B2l

Apart from the policy, we also need the Lipschitz continuity
and smoothness of the regularized reward to control the bias
caused by the evolving reward. These properties can be
derived from the following basic assumptions.
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Assumption 4.6 (Bounded Reward). For any ¢ € Q(p)
and (s,a) € S x A, (s, a; ) is bounded by Cr > 0.

Assumption 4.7 (Bounded Regularization Factor). For any
@ € Q(p), a(yp) is upper-bounded by C,, > 0.

Assumption 4.8. For any 6 € Q(0), ¢ € Q(p),and s € S,

Ere[—logme(als)] < Ch 1,

Assumption 4.9. There exists constants D and D, such
that for any ¢ € Q() and (s,a) € S x A,

IVer(s,a;@)ll2 < Dr,  [[Vea(p)|2 < Da.

Remark. 1t is important to note that Assumption 4.8 holds
inherently for finite action spaces. For infinite action spaces,
this assumption also applies to a broad class of policies, in-
cluding Gaussian policies and exponential policies, as long
as their variance remains bounded. This is because entropy
regularization implicitly constrains the policy to maintain
bounded entropy, which in turn restricts the variance. If
entropy were unbounded, it can result in infinite negative
rewards, which is practically avoided.

Proposition 4.10 (Properties of Regularized Reward).
There exist constants C, D > 0 such that for any 0 € Q(0),
¢ € Qp), and s € S, the expected regularized reward
satisfies:

1. Boundedness: |E ., (.|s)[Fp0(s,a)]| < C;

2. Bounded Variance: E ..., s [p0(s,a)%] < C?;
3. Lipschitzin 0: ||V9Ea~779(.‘5) [Fp0(s,a)]l|l2 < CL;
4

. Smoothness in 0:
C (L2 +9);

||V3EQN7T0(.‘S) [Fcp,e (Sa a)] ||2

5. Lipschitzin @: ||V oEqry(|s)[Te.0(s,0)]ll2 < D,

where C = Cg + C,, (1 +CH1V \/OH’Q), D = Dy +
Cu1Da.

Parts 1 and 2 of Proposition 4.10 are natural extensions
of the standard bounded reward assumption, which can be
directly derived from Assumption 4.6, 4.7 and 4.8.

Parts 3 and 4 of Proposition 4.10 can be implied from Part
1 and Assumption 4.4. Since
VoE[7p.6(s,a)] = E[fy.6(s,a)Velogme(als)],
VoElip.6(s,a)]
= E[(Fp.0(s,a) — a)Veglogme(als) Ve logme(als) ']
+El[7p.0(s,a)V log mo(als)],
the Lipschitz continuity and smoothness w.r.t. 6@ can

be derived from the boundedeness of K[, o(s,a)l,
Ve logme(als), V3 logme(als) and a.

Er[(logme(als))?] < Cra-

Part S of Proposition 4.10 can be derived from Assumption
4.8 and 4.9. It is the most critical for handling evolving
rewards. It guarantees that small changes in the reward
parameters ¢ (e.g., from reward shaping or entropy adjust-
ment) lead to proportionally small changes in the expected
reward. This allows the algorithm to track the evolving
learning objective rather than being destabilized by it.

In essence, Proposition 4.10 ensures that the regularized
reward function changes in a controlled and predictable
manner as the policy and reward parameters evolve. This is
crucial for analyzing non-stationary learning dynamics.

A detailed derivation of Proposition 4.10 can be found in
Appendix D.

4.2. Main Results

With the assumptions above, we are ready to present our
finite-time analysis of Algorithm 1. We measure the perfor-
mance of Algorithm 1 using the following time-averaged
errors over the second half of the T iterations:

Actor Error: Gr = T/2 S T/2E||V0J¢ 6115

Critic Error: Wr = T/2 S T/QEHwt w;|3, where

wt =w (‘Pta 0t>

Reward Variation: Fr = T/2 Zt 72 Ellpe1 — <pt\|§

The average squared gradient norm of the actor’s objective
over the second half of the training steps characterizes the
convergence of the policy under the algorithm. Furthermore,
as shown by (Agarwal et al., 2021; Mei et al., 2020; Ding
et al., 2022), the stationarity of the policy often implies its
optimality when the policy parameterization is specified.
Thus, this metric can naturally serve as an indicator of the
optimality gap in executing.

Theorem 4.11. Consider Algorithm I with n? = % and

ny f} where the ratio 2% is chosen to be sufficiently
CQ A
small such that < IIss A 16LS Under the above

mentioned assumpttons the followzng bounds hold:

GT:O(\/IT>+O(FT\/T>+O<\/?>+O()
WTZO(\}T>+O(FT\E)+O<\/§)+O()

Interpretation of Theorem 4.11:

e Static-Reward Case (Fr = 0): The algorithm
achieves the canonical O(1/+/T) convergence rate for
both actor and critic, matching the best-known rate
for single-timescale actor-critic methods under i.i.d.
sampling (Chen et al., 2021; Olshevsky & Gharesi-
fard, 2023). Our analysis, by carefully handling the
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Markovian sampling, improves upon previous works
by eliminating a log® T" factor compared to (Tian et al.,
2023; Chen & Zhao, 2023; 2025).

¢ Evolving-Reward Case (Fr > 0): The convergence
rate depends critically on the total variation of the re-
ward parameters, F’pr. For the errors to converge to

zero asymptotically, we require F'r = o (1 / \/T) To

preserve the O(1/+/T) rate, we need the stronger con-
dition Fr = O (1/T). This means the reward function
must change slowly enough for the actor-critic algo-
rithm to track it effectively.

To further connect our theoretical findings with practical
applications, we present the following key corollary, demon-
strating that a common class of reward update rules satisfies
this stringent condition. Roughly speaking, as long as the
reward is updated at a rate comparable to the actor’s learning
rate, stability is theoretically guaranteed.

Corollary 4.12. If the reward parameter adopts a gradient-
based update rule, i.e.

Prr1 < @r +n he(t),

then given E||h,(t)||3 < CZ and nf = C—\;’% where C, and

¢, are constants, we have Fy = O (%) and hence

Gr=0 (&) +0(), Wr=0 (\/1?) + 0.

Here, the step size for updating the reward parameter is of
the same order as the actor’s and the critic’s, and the require-
ments on the gradient norm can be achieved by applying
gradient clipping, a technique that is very common in prac-
tice. Therefore, Corollary 4.12 provides a solid theoretical
foundation for a wide range of empirical practice of RL,
including learning-based reward shaping methods (Pathak
et al., 2017; Burda et al., 2019; Zheng et al., 2018; Hu et al.,
2020; Mahankali et al., 2024; Ma et al., 2024) as well as soft
actor-critic with automated entropy adjustment (Haarnoja
et al., 2018b).

The proof of Corollary 4.12 can be found in Appendix D.

4.3. Proof Sketch of the Main Theorem

The proof of Theorem 4.11 proceeds in three interconnected
steps, which we outline below. A rigorous proof is provided
in Appendix C. The key innovations lie in (1) rigorously
analyzing the impact of evolving rewards by establishing
Lipschitz continuity properties of policy objective J,(8)
and optimal critic parameter w* (¢, ) w.r.t ¢, and (2) pro-
viding a novel analysis on the distribution mismatch induced
by Markovian sampling through deriving the following key
proposition (refer to Appendix D for a detailed proof):

Proposition 4.13. Following the Markovian sampling strat-
egy described in Algorithm 1, we have

t—1
E[0: —vp™ | < LCsLy Y ' ul ++'llp = vo ™l
k=0

for any t > 0, where Cs and L, are constants (refer to
Appendix B for a formal definition).

This analysis does not rely on the mixing time of the ergodic
Markov chain. Instead, it directly utilizes the contraction
properties of the induced operator acting on state distribu-
tions, which is a stronger property than the ergodicity, hence
resulting in a tighter bound on the distribution mismatch.

Step 1: Bounding the Actor Error. The primary chal-
lenge introduced by an evolving reward is that the policy
optimization objective J,,, (6;) changes at every time step ¢.
To address this, we first show that J,(0) is D ;-Lipschitz
with respect to the reward parameter ¢ (Lemma B.1), which
allows us to bound the change in the objective function by
the change in ¢:

ElJp, 4, (0t41)] — T, (01) >E[Jo, (0111)] — Ji, (6:)
— DE |lpt11 — @illy

We then analyze the improvement in the objective for a fixed
reward parameter. A Taylor expansion of J,, () around
6; yields a bound on the squared policy gradient norm,
Ve Jy,(0:)]|3. This bound involves several error terms:

¢ [;(Approximation Error): This term arises from the
bias introduced by linear function approximation and
is bounded by O(e).

e [5(Critic Error): This term captures the error from
using an estimated critic w; instead of the optimal critic
w; and is bounded by O(||w; — w;||2).

e I3(Markovian Noise): This term quantifies the error
due to sampling states from the Markovian distribu-
tion ; rather than the true stationary distribution v/, .

Proposition 4.13 provides a tighter bound on this dis-

tribution mismatch, which is crucial for improving the

overall convergence rate.

After summing over iterations and applying a telescoping
series, we obtain the following inequality for the actor error
(Theorem C.1):

(1 - ’}/)GT S2L GTWT

10 (ﬁ) 1o (%) +0() (15)
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Step 2: Bounding the Critic Error. The critic update
must track a moving target: the optimal parameter w; =
w™* (1, 0¢) changes with both the policy parameter 6; and
the reward parameter ;. We analyze the evolution of
the critic error Hwt+1 — Wi H; A central decomposition
yields:

% 2 *12

E Hwt+1 — ""t+1H2 < ||(.dt — Wy ||2
R 2

+ 2R ||§(s0, a0, 5)0(s1)|

* * 2
+2E [[wi — wii4;
+ 202 (w, — wf, 851, a0, 51)0(51))
+2E (W — wf wi —wiy1),
where E <wt — Wi, 8(sy, ar, s;)¢(st)> is further decom-
posed into three components:

» Ji: This term is zero by the definition of wy.

¢ Js(Contraction): This term provides a negative con-
. . 2 . ..
tribution —\ ||w; — wy ||3, ensuring the critic error con-
tracts towards zero.

¢ Js3(Markovian Noise): Similar to I35 in the actor
analysis, this term is bounded using Proposition 4.13.

The critical difference from the static-reward case is the
presence of terms involving w; — w;, ;. We bound these
by establishing the Lipschitz continuity of w* with respect
to both 8 and ¢ (Lemma B.5). This introduces terms pro-
portional to E|[¢;+1 — |3 and E|/p41 — ¢¢|2 into the
bound. After summation, we derive the following inequality
for the critic error (Theorem C.2):

ﬁWT SQSN?\/ GrWr + O (FT\/T>

+0 (ﬁ) +0 (\/1?) +0() (16)

Step 3: Solving the System of Inequalities Steps 1 and 2
result in a system of two inequalities (15 and 16) that couple
the actor error G and the critic error Wr. To solve this
system, we use the algebraic inequality

— 2L
’YGT-F ’yWT.

1
2¢/GrWr <
= Tar 1—
By substituting this into the inequalities and choosing the
step-size ratio E—Z to be sufficiently small, we can decou-
ple the two errors and obtain a bound of O(1/VT) +
O(FrVT) + O(\/Fr/T) + O(¢) for both G and Wr,
thus completing the proof.

5. Conclusion

In this work, we have undertaken a systematic theoreti-
cal investigation of actor-critic methods in the presence
of evolving rewards—a setting that mirrors the reality of
many practical RL algorithms but has been largely over-
looked by theoretical analyses. We formulated the problem,
established necessary assumptions, and provided the first
finite-time convergence guarantees for a single-timescale
actor-critic algorithm under Markovian sampling.

Our analysis demonstrates that the single-timescale actor-
critic algorithm is remarkably robust to reward non-
stationarity. The canonical O(1/+/T) convergence rate can
be maintained for both the actor and critic, provided the re-
ward parameters evolve at a controlled pace. A key corollary
confirms that gradient-based reward updates—a common
pattern in algorithms that learn intrinsic rewards or adapt reg-
ularization strengths—satisfy this condition, thereby provid-
ing a solid theoretical foundation for their empirical success.
Furthermore, our novel technique for bounding distribution
mismatch under Markovian sampling yields a tighter anal-
ysis, improving upon prior rates by a factor of log2 T even
when the reward is static.

This work opens several avenues for future research. Ex-
tending the analysis to nonlinear function approximation,
particularly with neural networks, is a critical next step.
Furthermore, exploring the implications of our theoretical
findings for the design of more effective and provably stable
reward-shaping algorithms presents an exciting direction for
both theoretical and applied work. Finally, this analysis lays
a foundational stone for a deeper theoretical understanding
of reinforcement learning with dynamic objectives due to
evolving reward, shifting initial distribution or transition
probabilities.
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Finite-time Convergence Analysis of Actor-Critic with Evolving Reward

A. Literature Review of Evolving Reward Techniques

The idea of modifying rewards to improve learning is long-standing. Potential-based reward shaping, introduced and
developed by Ng et al. (1999), Wiewiora (2003), Asmuth et al. (2008), and Devlin & Kudenko (2012), defines the shaped
reward as y®(s’) — ®(s) where ®(-) is a potential function to guarantee policy invariance. More recent work, however,
modifies the reward to balance the exploration and exploitation behavior of the policy. This sorts of work include randomly
perturbing the reward function (Mahankali et al., 2024), various design of explicit exploration bonus like count-based
methods (Martin et al., 2017; Machado et al., 2020; Lobel et al., 2023), curiosity-driven methods (Pathak et al., 2017; 2019;
Ramesh et al., 2022; Sun et al., 2022) and random network distillation (Burda et al., 2019; Yang et al., 2024), as well as
fully self-supervised intrinsic rewards (Zheng et al., 2018; Stadie et al., 2020; Memarian et al., 2021; Mguni et al., 2023; Ma
et al., 2024) or incorporation of prior knowledge (Trott et al., 2019; Hu et al., 2020; Gupta et al., 2023) that enhance the
performance of the resulting policy in terms of the original reward.

Another series of work that result in evolving rewards is the entropy or KL regularization. Entropy regularization (Haarnoja
et al., 2018a;b; Ahmed et al., 2019) is commonly used technique to encourage exploration and avoid near-deterministic
suboptimal policy. KL regularization is common in fine-tuning RL policies, especially in training Large Language Models
(Ouyang et al., 2022; Shao et al., 2024) and Diffusion Models (Fan et al., 2023). These methods result in evolving reward
because the regularization term —aH (7 (-|s)) (or —adky (7 (+|$)||mret(-|s))) is equivalent to a penalty term —a:log w(als) (or

7r(a|s)

—alog — ) added to the reward function (s, a). Hence, the reward function will change because of the under-training

policy 77( | ) the adaptive regularization factor «, or the change of the reference policy 7es.

Besides, curriculum learning (Narvekar et al., 2020) is also closely related, as it inherently involve a sequence of evolving
learning objectives (and thus rewards).

B. Preliminary Lemmas

Cj-bounded,

Lemma B.1. There exist constants Cy, Lj, Sy and D such that for any 0 € Q(60),s € S, V”"( ) is
= 0(1 -7,

L j-Lipschitz and S j-smooth w.r.t. 0, and D j-Lipschitz w.r.t. ¢, where C; = O((1 —~)71), L
S;=0(1-7)),D;=0(1-7)7")
Corollary B.2. There exist constants L, and S, such that for any 6 € Q(0), v;°(-) is L,-Lipschitz and S,,-smooth w.r.t.
in terms of || - |1, where L, = O((1 — )71, S, = O((1 —v)72).

Lemma B.3. There exist constants La and S such that Ag is L a-Lipschitz and Sa-smooth w.rt 0, where Ly =
O((1 =71, Sa=0(1-~)7?).

Lemma B.4. There exist constants Cy, Ly, Sy and Dy, such that bg , is Cy-bounded, Ly-Lipschitz and Sy-smooth w.r.t 6
and Dy-Lipschitz w.r.t g, where C, = O(1), L, = O((1 —v)71), S, = O((1 —v)72), D, = O(1).

Lemma B.5. There exist constants C,, L,, and S, and D, such that w*(p, 0) is C,,-bounded, L,,-Lipschitz and S,-
smooth w.r.t @ and D,,-Lipschitz w.r.t ¢, where C,, = O(A™Y), Ly, = O((1 —v)71A72), S, = O((1 — v)72173),
D, =0\t

Lemma B.6. There exists a constant Cy such that for any 0 € Q(80), ¢ € Q(p) and |w||2 < Cl,

u O, P[S(Sa a, 8/)2] S Cgv
where Cs = O(A71).
C. Proof of Main Theorem

C.1. Step 1: Bounding the Actor Error

Theorem C.1 (Actor Update). Tate nf = % where cg is a constant, then

Gr <—\/W+O <\/7> +O(\/1T> +0(e).
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Proof. We first bound the change of the objective function by the change of the reward parameter:

ElJg, ;1 (0r41)] — Jy, (01) *E[J<p1+1(9t+1) = Jo (041)] + E[Jo, (Or11)] — Jop, (01)
SE[— | Jp1 (0141) — g, (0111) || + E[J, (0141)] — S, (6;)
> = DyE|pri1 — @illy + E[Jg, (0141)] — Jp, (601).

For simplicity, we denote £ = (s, a, s’) and

he (0,w, 0. &) = (Fp,0 + (v¢(s") — ¢(s)) 'w) Vo logma(als),
(0’w7907 ) - ]EV,TFG,P [h9(0’w7‘107§)]7

thereby
0,41 =0, + nfha(ettha 0, &), E[0i11|0:] =60, + ﬂ?ﬁe(et,wt, Pty D).

. . . 2 .
Then we apply the Taylor expansion on J,,, (8) around 6;. The second-order term is propotional to n?" as the gradient has
bounded variance, while the first-order term can be decomposed into three parts, associated with approximation error, critic
error and Markovian noise, respectively.

B, (Bc)] — o, (00) ZE (Vo Ty, (8.), 0011 — 0) — “LE)6,1 — 043
N Sﬂhez 2
>n; (VoJp, (01), ho(0r,wy, @1, 14)) — TEHhQ(Gtthv(Ptvgt”b
>n) (VoJe, (0:), (1 = 7)Vadp,(6:))
+ Ny < J‘Pt(gt)’ 9(0t7wt » Pt Vp t) -(1- 7)v9J¢t(0t)>
+ 7! (Vody,(0:), ho(6s,wi, p1,05°) — Be(ot,w:aéot,”;rst»
+ ¢ <v9J4Pt(0t)?
_ L2055J77t
2
>0} (1=7)[VaJy, (6113
=0} Voo, (0:), || ho(Be, w7, 1, 5°) — (1 = 7) Voo, (6:) |,

>

0(0s, wi, 1, 1) — ho(6y, wi, 1, v5°))

I
- 77150 ||v9J4Pt(0t)||2 Hhe(etthﬂ 90t7yget) - Be(et»wfa 90t7yget)H2
Iz
- 77,50 ||V9J<pt(0t)||2 Hhe(et»wta Pt Ut) — Be(et,wt,wt»l/gef')HQ
I3
1202 02
_ C(S;’J’r]t (17)

1, is associated with the approximation error. Using Proposition 4.3, we have
Ot w6, ,P {((Fiptﬁt (‘97 a‘) + /YVWZ‘ (S/) - Vw}f (8))
~ (Fonon(5:0) + V3 () = V5! (5)) ) Valogmalals)] |

ooy | (1Pt () — VG 6) = (T 5) — V3 ) Vo log mofals)]

I =||E

-
SL\/]EV;et o | (1T () = T2 () = (T (9) = T2 ) |
§2\/§Le.
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Finite-time Convergence Analysis of Actor-Critic with Evolving Reward

15 is associated with the critic error. We have
Euse‘ o, P [((ftﬁﬁt (s,a) + ’vaf, (S/) - ‘7“11, (S))

— (ﬂ,t,gt(s, a) + 'y‘A/w; (s') — XZ,; (5))) Vg log wa(a|s)] H2
= ror ., » [(16(5) = 6() T (@1 = wi)Vologma, (als)] ||

<ifB e 1, (000 66D (w0 - )]

<L2L||wi — w2

12:’

13 is associated with the Markovian noise. We have

Is =

/ s (7(5) — V3*(8)) Ea v [8(5.a,5) Vo log 6, (a]3)]
S
<LCsllin — vy |

Combining the above, we can derive from (17) that

2

1 DjE |lpi41 —
(1= V0T (B <5 (Bl Brsr)] = T (B0) + =2 leeer = elly

t 77159
L2025 0
+ V00 (8o + Lo + L) + =222
1 DJE ||prs1 — ¢
< (E[Jps, (Br11)] = T, (6:)) + = 2
Tt "t
+2V2LL e + 2L||w; — wf [2[Vo e, (6:) ]2
. x L?Cz28
+ LCsLyllon = v |1 + ==L
Summing over iterations, we have
= 2 1 « Ele — ol
(1=9) Y ElVade,(8)l5 < Y =5 (E[Jg,.,(0141)] — E[Jy, (8:)]) +Dy Y — 12
t=T/2 t=T/2 't t=T/2 M
Sl S2
T—1
+V2TLLye+2L Y |lwi — wj 2] Ve, (6:)]2
t=T/2
S3
T-1 T-1
. x L?C28S;
+LCsLy Y E||Vt—up9tH1+T§ >l (18)
t=T/2 t=T/2
——
S4 SS
For Sy, by applying the telescoping skill, we have
T—1
1 1 E[J,.(0 E[J. 7]
Si= % (o - o) Bl (o) + erOn)] PlenOn)
t=ry241 N=1 T r—1 T2

T-1
1 C C
E ( —5 )CJ-FQJ +7J
t

= no 0
t=T/241 N -1 -1 )2
20y
71

~0 (VT).
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For S5, by applying the Cauchy-Schwartz inequality, we have

T-1 T—
Sa <\ Y Elprr — ¢l Z 7
t=T/2 t=T/2 "t
TFr — 1
t=7/2 "t
-0 (x/TFT) ,
where the last equality is due to the fact that
T-1 T
1 1 ln2
> =z Z HT — Hrpp) ~ 7
t=T/2 77t o , =T/2 Ce
For S3, by applying the Cauchy-Schwartz inequality, we have
T-1 T—1
. 2
S <\ | D Elwr —wil3,| D IIVeJe (005
t=T/2 t=T/2
T 1 1
“T\7 Z Bl — il | 775 Y (90, (001
=T/2 t=T/2
T
=—GrWr.
2
For Sy, by Proposition 4.13, we have
T—1 t—1
Si< Y (LCzSLuZWt R0 Al = v 9°|1>
t=T/2 k=0
T—1¢-1
1L S 2 3
t=0 k=0 t=T/2
T-1 0
" 2
SLC(SLV +
—1-v AT2(1-9)
~ LGsL, zT:
Cco(l -7 \f T/2 1—7)
=0 (VT)

For S5, we have

XT: i:o(ﬁ).

ca t=T/2+1 Vi

Plug S1, Sa, S3, S4 and S5 into (18) and divide both sides by (1 — )f we obtain

Gr <—\/T+o <\/7> +o(\/1f> +0(e),

thus completes the proof.

18



Finite-time Convergence Analysis of Actor-Critic with Evolving Reward

C.2. Step 2: Bounding the Critic Error

A

iLs.’ then

Theorem C.2 (Critic Update). Take n! = %, ny = C—\Z; where cg and c,, are constants such that 2% <

Wr <2(1 —V)Sw%\/m+ O (FT\/T) +0 (ﬁ) +0 (\/1?> + O(e).

Proof. For simplicity, we denote £ = (s, a, s’) and
hao(0,0,0,€) = (Fp0(s,a) + (76(s') = &(s)) "w) 6(s),

ho(0,w,p,v) = Ey ng 5 [h (0, w, 0, 6)] -
According to the critic update rule (9), we have
|wis1 — wt*+1H; =T, (Wi + 07 b (0, w01, &) — e, (“’t*+1)||§

<||wt + 0 he (Or, wi, 1, &) — w2‘+1||§

= [(wr — wf) + 1 e (B, wr, 00, €) + (wi — wipy)|s

=llws — Wi 13+ |78 7 (1, w1, 1, &) + (w] — wiy)[5
+ 2 (wi — w0 he (0, wi, 1, &) + (wf —wiyy))

<llwe = wi 5 + 205 1o (81, w1, 00, €05 + 2 [l = wia 5
+ 20 (wp — Wi, b (0, wi, 01, &)) + 2 (wy — Wi wf —wiig). (19)

To capture the evolution of the critic error ||w; — w; Hg, we need to bound the other four terms on the right-hand side of (19).
By taking the expectation, the two quadratic terms can be bounded by

N 2
E [[hu(81: e, 1, €113 =Eoy,m, || st a1, 5)o(s0) | < CF 0)

and
* * 2
E[wf = wiilly <E [(Lul8i1 = 8ill2 + Dullorss — eil2)?]
2
<2L2 ] E|lhe(0r, wi, 1, &) |3 + 2D2E[ i1 — 113
2

<2L2CFLZLn;" + 2D2E|pi1 — eill3- 21

The expectation of first inner-product term can be decomposed as the follows:
E <wt —wi, by, (0, wy, ‘Pta&)> = <wt —wy, Bw(gtywta Pt 9t)>
= <wt - w;,k7 Ew(eta "‘Jt*v Pt V/T;gt )>
J1

+ <wt - wzvﬁw(etawt7¢t7yget) - Ew(0t7W:a¢tanet)>

Ja
+ <w’5 — W}, hey (01, Wi, o1, 1) — he (81, w1, o1 l/;mt» .

J3

According to the definition of wy;, it should be a stationary point of the update rule, hence we have
Ji =0.
Jo is associated with the critic error. We have
Jo = (i =i B ro_ Ll(16(5)) = 6() T (wi — w)(s)])
= (wi —wi, — A, (wr — wy))

< = Awy — w5

19
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J3 is associated with the Markovian noise. We have

J3 <||wy — W:HZ th(etthﬂotvﬁt) - Ew(etvwhsatvl/;gt)ug

<2C,, /S ds (91(5) = 1" ()) B, (o). Clsia) |0(5,0:5)(5)| )
<20, Cslloe — v, |1y
Hence, we have
E (wi — W, ho (8, we, 06, &) < —A|lws — w;‘”g +2C,Cs||oy — v, ||y (22)

The analysis of the last term in (19) is similar to the analysis of the actor error. We first leverage the Lipschitz continuity of
w™* (¢, 0) with respect to ¢, then apply the Taylor expansion of w* (¢, 8) with respect to 8 around 6;:
E(w; —w;,w; —wiy1) =E (W — wf,w* (@1, ) — w*(@r41,61))
+E(wi — wy, w" (o141, 0:) — w0 (Pr11,0141))
=E (w; — wyi, w" (41, 0) — w* (@141, 04))
+E(w; —w/,w* (1, 0;) — w*(9141,0:) — Vow" (pr11,60:1) " (8 — 0141))
+E <wt — Wi, Vow* (@i41,0:)" (8, — 0t+1)>

<Dy [[wi = Wi ||, E i1 — @l + % lwr — Wi ll, B (16251 — 65
+ E (w; — wy, Vow* (pr41, 0,)" (8, — 6:11))

<LAC2CuSun! + 20w DB @11 — @il
+E(w; —w}, Vow™ (9141,0:) " (6 — 0:11)),

1

where the last inequality uses the facts that
2 2.2 62 2
E6; = 01l <L*C3n” and  flw; — wf[l3 < 2C..
The remaining inner product term I can then be decomposed into terms related to Iy, I» and I5.

I=— T}f <wt - wf, Vew*(90t+1,0t)TE9(0tawt7 ‘Pt,ft»
= — (1= (Wi — wf, Vow* (¢111,60:)  Voy, (61))
—nf (wi — w}, Vow™ (@141,0:) " (he(r,w;,01,v,°) — (1 = 7)VeJy, (6:)))
—nf (Wi — W, Vow™ (¢r41,0:) " (ho(Br,wr, 01,1, ) — ho(0y, w7, 1, 15°)))
— 1} {we — w}, Vow™ (i11,0:) " (ho(Br,wr, o1, 0¢) — ho (B, wi, 1, 15°)))
<L2C2CuSu]” +2CuDuE | @11 — il
+ (1= 7)Sun] lwr — w5 Ve e, (8],
+ Sun] lwr — w1y |[ho(0r, wf s 15" ) = (1= ) Ve, (6,
n

+ Sw’]f ||wt - w:HQ Hﬁe(attha P, V;ret) - B@(ataw:acpta V;ret)H

I

)

+ Swnf ||wt - wZHQ Hﬁe(ettha P, ﬁt) - B@(ehwt?‘)ohyget)

I3

where

I <2v2Le, I <2L||w; — will2, Is < LCs||Dx — v, 1.
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Hence, we have

* * * 2
<wt — Wi, Wy — wt+1> Schgchunf +2C,, Dy, ||‘Pt+1 - ‘Pt”g
+ (1= 7)Sunf wi = willy [Vode, (00,
0 0 * 12
+ 4\/§LCwSue77t + 208,/ ||we — wy |5
+ 2LC,C5Sun? |0y — v, ||1.

Plugging (20), (21), (22) and (23) into (19) gives

E||wis1 — wf+1”§ < (1—2M\pf +4LSun!) |lwy — w;‘||§
+2(1 = ) Suny llws — will5 Ve e (01|l
+ 2D i1 — pill5 + 4Cu DE [@is1 — @il
+4CuCs (LSwnf + i) 12n — vp " |11
FAL2C2L2 0! + 8V2LC, Syen!.

6
Ne __ co A
Note that ﬁ = o S 1LS,’ thus

T-1

T—1
1
A Elw-willz < Y n—w(EHwt—wag—EHth—w;‘+1||§>
t

t=T/2 t=T/2
S1
c T—1
0 X
21 =)0 = D7 llwr = will, Ve (80l
“ t=T/2
S
T—1 T—1
E — 2 E _
+2Di Z ||80t+1w eill3 +20,D,, Z ||80t+1w etz
t=T/2 K t=T/2 "t
S3 Sa
T—1
+(1+M4)CuCsLy > Elloy — " |
t=T/2
Ss
co = c
0 0
+4L2‘(J§LE,a >l +8\/§LCwaae
t=T/2
——
Se

For 51, by applying the telescoping skill, we have

1 1

T-1
Si= 3 (- o) Bl —wii - 2L .
=T /241 Mt M1 -1 N7/2
T-1
1 1 20, | 20,
(L ) e 2

Cmrjaa NI M Nro1 N7
4C,,

= w
r—1

0 (VT).

21

E|lwr — w33 n Ellwr/2 — w;’/QH%

(23)

(24)
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For S5, by applying the Cauchy-Schwartz inequality, we have

T—1
Sa<y| O Elwr—wil3,| Y [Vele (013
t=T/2 t=T/2

T 1 1
-3\ 773 Y Bl il 7 Y (90, (001

t=T/2 t=T/2
T
=—VWrGr.
2
For S3, note that )y is decreasing as ¢ grows, we have
- Eles—ely - 1§
=2, e > Ellew el = 0 (Fr7vT)
t=T/2 Ml TIT Ly=7/2

For 5S4, by applying the Cauchy-Schwartz inequality, we have

T-1 T—1
Si<y| D Elpri—eil3, | D
t=T/2 t=1y2 It
TP =1
t=T/2 "It

~0 (VTFy),

where the last equality is due to the fact that

= L In2
Z " :7 Z :7HT*HT/2)N*
:T t w T w w
For S5, by Proposition 4.13, we have
T—1
S5 < (LC&L th e - v °|1>
t=T/2
T—1t-1 T-1
—LCL Y YA 2 Y
t=0 k=0 t=T/2
T—1 9
2
<LCsL, il

For Sg, we have
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Plug S1, S2, S3, S4, S5 and Sg into (24) and divide both sides by ’\TT we obtain

Wr < 2(1— ) 57\/ TGT+0(FT\F)+O<\/7>+0(\/1T>+0(e),

thus completes the proof.

C.3. Step 3: Solving the System of Inequalities

Proof of Theorem 4.11 According to Theorem C.1 and Theorem C.2, we have

(1- GT<2L\/W+O<\/>>+O<\/1T)+O(Q,

17WT <25, \/T+0(\FFT)+O<FT)+0(\F)+0(e).

Note that

= oL
G+ 7WT

VG, 22
2v/Gr T2\/ Gr- WT_ 5T .

Plug (27) into (25), we have

11—~ 2L [Fr 1

Combining (27) and (28), we have

Gr W <1LW+O<¢?>+O<20+O@.

Plug (29) into (26), we have

l_ffs:few <O<\FFT)+O<T>+O<\/1T>+O(€)'

69
Therefore, when < § T3 LS s

+0(VTF)+0 (?T) +0(e).

=
|
Q
7 N
Sl-
N———

Combined with (28), we have

GT—O< )+0(\FFT)+0<T)+0()

L
VT

23

(25)

(26)

27)

(28)

(29)
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D. Proof of Propositions, Preliminary LLemmas and Corollaries

Proof of Proposition 4.2 For any vector z,

TAQ.T/' =T E 9

Y]

=z (Eq [¢( )¢
=E, [z ¢(s)p(s) " ] —vEes/[ Tszﬁ(s)ab(s’)T:':]

According to the Cauchy-Schwartz inequality,

Eus [T 0(s)8(s") 2] < /Es [T ¢()(5) Tl /Eur [T 0(s)(s') T

Note that
Pr(s' = z) = vp*() — (L = el) < il ($)7
Y Y
SO
B [070(s)0() o] < 2. o 6(s)6(s) T
and hence

2" Az 2B, [T 6()0(3) x] — 1\/Eq [T 0(s)(s) ] ¢ ZEL [T 0()0() ]

=(1— )z ez
>(1 = vzl

Therefore, Ag is positive definite with singular values lower-bounded by A = (1 — \/7)As.

Proof of Proposition 4.3

LHS :\/Eygew [((m* () = Vi (8)) = (Ve () = V7o <s>))1
g\/Eygem [z (7 (Fur (5 = V70(s)) )+ 2 (W () - Ws)ﬂ
g\/ oF, [(% (s) — vws)ﬂ +27?E, [(Vw*(s’) - ‘7”9(8’))2]

o A R e R

I Iz

According to the definition of € (14), I; < e.

For I, note that

SO

Therefore, LHS < 2v/2¢.
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Proof of Proposition 4.5 For any 61, 05 € §2(0), let

b

Fa) = {1 ,To, (a|s) > ma,(als)

—1 , otherwise

then
H7ﬂ91("3) —7e,(-s)|l1 = Ea~ﬂ91(~|5)[f(a)] - Ea~ﬂ92(~|5)[f(a)]~
Note that
[VE (1ol 7@, = Vo | mofals)(a)da
A 2
= / Veme(als)f(a)da
A
= /7r9(a|s)Vg10g7r9(a|s)f(a)da
A 2
= ||]Ea~7r9 (-|s )[Vg log7rg CL| H2
<Eanmo(-1s)[I Vo log me(als )||2|f( )]
<L.
Therefore,

176, (|s) — 7o, (-[s)[1 < L[|61 — B2]|.
Proof of Proposition 4.10

Eoarrg(-13)[Fio,0(8: )| = [Banmy(15)[7(s,a; ) = ap) log ma(als)]|
|

=Eamre(ls)|7(5,a;0)| + (@) H(mo(:]5))
<Cr+CoChn

Ea~7rg(~|5)[7:%0(3a a)Q] =Earmo(ls) [(T(S’ a;p) — a(p)log 779((1‘8))2}
:E(Lr\/we(~\s) [T(S, a; Lp)z:l - 2a(¢)Ea~we(~\s) [7’(8, a; (p) 10g To (CL‘S)}
+ (@)’ Eqmng(s) [(logma(als))?]
<C% 4 20RCaCir1 + C2Cp

= (CR + C, (CH,1 V o/ CH,Q))2
[VoE[Fg,6(s,a)lll, = ||E[Fp.6(s,a)Velogme(als)lll, < (Cr+ CaCu)L

|VaE[Fp.0(s, a)lll, =|[El(Fp.a(s,a) — @) Vg logme(als) Ve log ma(als) ]
+E[F0(s, )VB log g (als) ||2

<(Cr+CoCh1+Cy)L? + (Cr+ CoCr1)S
<(Cr+ Co(1+Cra))(L*+5)

Hence, C = Cr+ Co (14 Cpha V/Chp2).

IVeE[Fg.0(s,a)lll, = ||E[Ver(s, a; )] + Eqnmp(.ls) [~ 10g mo(als)]V o ()
<Dpr+Cu1D,

[#
Hence, D = Dr + Cu,1D,.
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Proof of Corollary 4.12  Assume that E|[|h,()[|5 < CZ and nf = C—\}’% we have

1 T-1

Fr= T2 > Elpr — @l
tT/2

/ Z nf Ellhe ()3

t=T/2
C2 T—-1

Hence, the terms O(Fp+/T) and O(+/Fr/T) are both dominated by O(1/+/T), leading to an overall O(1/v/T) + O(e)
bound.

Proof of Proposition 4.13 We abuse the notation Po : A(S) — A(S) to denote an operator that acts on a state distribution
v, defined by

(Pov)(s / ds/ dav(s)me(als)P(s'|s,a)
zv/sds/Adau(s)ﬁg(a|s)73(s’|s,a) + (1 =v)p(s")
Then, Py is a contraction mapping and v¢ is the unique fix point of it. Formally, Vv, e € A(S), we have
[Pors = Pors|, = [ s [P} (s) = (Poway(s')
:7/ ds’ / ds/ da(v1(s) — va(s))me(als)P(s'|s, a)
s s A

<~ /S ds v (s) — va(s)| /S ds’ /A dara(als)P(s']s, a)

=7||v1 — v,

and R
(Pov,?)(s) = v,°(s),Vs € S.
Therefore,
O,

Elloy — vp™ [y <Elloe — v+ Ellv " = 5% |

~ R ~ o,
<E Hpgt_lut,l ~Por " || + LE|6i—1 — 6]l

A O _
<AE[—1 — vt 1+ LCsLynf.,
t—1

<LCsLy, Y A" 0l 44 o — v |
k=0

Proof of Lemma B.1

~7T 1 ~
‘VLPG(S)‘ = ll’yEsNuz’re(') [Ea~7r9(-\s) [TLP’Q(S,LL)]]
1 ~
ST Eouzo () [[Banro(1s) [Fo0(s, 0)]]
Y
- ¢
ST,
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Hence, C; = O((1 — v)~1). Note that by letting p(s) = I[s = 5], we have ‘IN/L;“’ (so)‘ < Cjforany sg € S.

1
V00Vl = | B0 [Baveci [0 5.0 Vo logmtals)]

L
ST B0 Oanmatls)

< CL
R

2

7(5,0) + 1By [V2005)]|

Hence, L; = O((1 — ) ~2). Similarly, by letting p(s) = I[s = s¢], we have ‘ng/ge(so)‘ < L; forany sg € S.

1 ~
VaJ,(0) ZE]EV;"BJTQ {Q”(s,a) (Vo logme(als)Velog mo(als)T + V3 log 7rg(a|s))}

+ I%EVZBJTB’P [Vg log 7rg(a|s)V91~/£"(s/)T + Vevge(S/)Vg log TF@(CL‘S)T}
Cy(L2+8) 2vLL, -
V3], <X B o o)),

Hence, S; = O((1 —v)73).

1 -
I Te (O], = Hw =T )

2

H s~1/p ) [V¢EQNW9('|5) [F<P¢9(S7a)u
2
Hence, Dy = O((1 —v)71).

Proof of Corollary B.2 For any state 61, 05 € €(0), consider the MDP (S, A, P, r’,~) where for any s € S, a € A,

—1 , otherwise

1,7 (s) > v,
r’(s,a) — f(S) = { Vp (S) Vp (S) .
Assume the regularization factor & = 0, then for this RL problem, 7 (s, a) = r'(s,a), and

|vp® — Tr92 /ds|up Y —V;TBQ(S)’
/ ds (5" (5) — V2 ()) £(5)

/ dsu ( /S dsvp® (s) £(s)
—IE

91()[ U 0| I R | R CX0)|
—(1— )(J(61) — J(62)).

Then we can apply Lemma B.1 with C' = 1 to obtain L, = (1 — y)Lyand S, = (1 — v)S.
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Proof of Lemma B.3

Voo, = HveEV o [05)(0(5) = 76() 7]

2

[ s dave s)mo(als)) Egp(.js,a) [6(s)(d(s) —70(s)T]

2

( / as / da |[Ve (v7° (s)mo(als)| ) (max [ B p oy [9(3)((5) — 76 T],)
<(1+7) /ds/da”Vg s)mg(als )H2

1+7) /ds/ da”VgV s)mg(als) +I/Tr9( )Weme(a ||2

1+7) (/ dsHV(;z/ge s Hz/ damg( a|s)—|—/dsy;”’(s)/ dame(als) ||V910g7rg(a|s)||2)
S A S A

<47yt 1)
—0((1-7))

Hence, Ly = O((1 — )7 1).

|V340], = vaﬁyy roip [0)(@(5) = 70() 7]

s / daV3 (17 (5)me(als)) Earop(.fsay [6(5)(6(5) — 16(s)) ]

2

( / ds / da V3 (v7° (s)ma(als))], ) (max By np(fs.0) [005)(6(5) — 76() T, )
<(+) [ a /A da |[V3 (v (s)mo(als))
<) [as|93050)], [ damotals

+2[9d5||Vgu§9(s)||2/ darg(als) |V log 7o (als)]|,

+/dsz/p (s )/ damg(als) || Ve log me(als)Ve log me(als )" —|—V§10g7rg(a|s)||2
S A

<(1+7) (S +2LL, + L*+5)
=0((1-7)7%)

Hence, Sa = O((1 — v)~2).

Proof of Lemma B.4

1bo.ollz = [Byzo r, o5, a)os)]|

2

70 o0 (s,0)]|

<C
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Hence, C, = O(1).

||V0bcp79||2 =

Hence, L, = O((1 —~v)71).

V50 ]l

Hence, Sy = O((1 —7)7?).

Hence, D, = O(1).

vab%BHQ =

VoE, 70 1, [w.0(5,0)0(s)] Hz

- /S A5V (V2 (5)Barmo (o) [P 0 (s, 0)]) 4(s)

2

< / dsVe (5% (8)Eamme(15) [Fp.0(s, a)])

(max 9(s)]l.)

2

S
< /S ds [[Ve (v7°(5)Eanmo(-1s) [Te0(s, a)]) |,
< [ s [Vor 6)|, Bamrao (. )
+/Sdsz/g"(s) [VoEarrg(.s) [ﬁp,e(&a)mz

<CL, +CL+0
=0((1-7""

— | V3.0 0 (s )os)]

_ /S dsV3 (V7 () E (. o) [P0 (5, @)]) 6(5)

2

IN

(max o (s)1l,)

/Sdsvg (V;Te (S)Ea/\/ﬂ'g('ls) [’Fcpﬁ(sa a)])

2

IN

/sds V5 (v ()Eanro(1s) [P0 (s, a)]) |
< /S ds || V3070 ()]|, Eamra(ls) [Fpo(s, )]
+/Sd8 Vo752 (5)]], [[VoEanmo(1s) [0 (s: all

—|—/Sdsu;9(s) Hszawﬂ‘e("S) [7:9079(8’@)]”2

<CS, +CLL, + C(L*+ S)

=0((1-7)7?)

= [V eByzo 0 (5, )65))

= /Sdsvcp (V;e (S)anﬂ'e(-\s) [7:4.079(87 a)]) ¢(S) )

< /Sdsvw (V78 (5)Earmme(-|s) [Fe,0(s,a)]) . (mSaX||¢(5)||2)
= /s ds chp (V;re(S)Eamre(-\S) [Fp.0(s, a)]) Hz

= i dsvy?(s) HVLPEaNW(-\s) [Fe.0(s, a)]”2

<D
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Proof of Lemma B.5

Hence, C,, = O(A\71).

Hence, L, = O((1 —~)~1A72).
[Vow
Hence, S, = O((1 — )72\ 73).
Hence, D, = O(A71).
Proof of Lemma B.6
EV,Trg,'P
Hence, C5 = C' +2C, = O(\ 7!

IVew™ (¢,

G _C
A

o™ (0,012 = [|4g "be 0ll2 < [ Ag [l2l1be 0l < == =

0)ll, = Vo (Ag'beo)||,

=IVo (Ag") byo + Ag'Vobe ol
=[|A5'VoAp Ay by o + Ag'Veby o,

< A5 2l Ve Asll2]lAg tll2llbe.ellz + [[Ag 2 Veby 6|2
SLACA 2+ Lyt

=0((1—-7)"'A7?)

0)l, =11V (A5 bp.0)]l,

=|[Vo (A5 VoAg Ay by + Ag'Vebyo)|,
=||Ag VoA Ay by o+ 24, Vo AgAy; Ve AgAy ' by o
+2A4'VoAsAy'Voby, o+ Ag'Vabeol,
<I|Ag " [I2IV5 sl Ag ll2]1be.6 ]2
+2] A5 2 VeAell2l| Ag (|2l Ve Asll2]| Ag [12/1be,6 2.
+2] A5 2 Ve Asll2[ Ay |2l Veby 62
+ 11451 |2[1V5by.6ll2
<SACN 2+ 2L4CN 2 20 AL A2 + SpA 7t
=0((1—7)7°A7?%)

IVew*(,0)ll, =[|Ve (Ag'by0) ||2
= HAglvtpbcp,OHg
< Ag |2V by .oll2

500, = [ dsvlo)Ergm [(7(5.) + (00) = 0() )]

/dsy ﬂe[( (sa)—i—QC)}

/ dsv(s) (Exy [7(5,0)2] + 4Cu By, [(s,a)] + 4C2)

<(C* 4+ 4CC, +4C2)
=(C +2C,,)?
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